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Abstract 



Fleischer and Mannel (FM) have shown that it may become possible to con- 
strain the angle 7 of the unitarity triangle from measurements of various 
B ttK decays. This constraint is independent of hadronic uncertainties to 
the few percent level. We show that, within the Standard Model, the FM 
bound gives strong constraints on the CKM parameters. In particular, it 
could predict a well defined sign for sin 27 and sin 2a. In a class of extensions 
of the Standard Model, where the New Physics affects only AB = 2 (and, in 
particular, not AB = 1) processes, the FM bound can lead to constraints on 
CP asymmetries in B decays into final CP eigenstates even '\i B — B mixing is 
dominated by unknown New Physics. In our analysis, we use a new method 
to combine in a statistically meaningful way the various measurements that 
involve CKM parameters. 
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I. INTRODUCTION 



Fleischer and Mannel [0] have shown that, using the branching ratios of four B ttK 
decay modes, it is possible to derive a bound on the angle 7 of the unitarity triangle which, 
under certain circumstances, is free of hadronic uncertainties. In this work we show that this 
bound can provide strong constraints on the CKM parameters within the standard model 
as well as model independent predictions for various CP asymmetries in neutral B decays. 

CKM unitarity allows one to describe any B decay amplitudes as a sum of two terms, 
each with a definite weak phase related to a particular combination of CKM-matrix elements 
0. For b qqs decays, it is convenient to choose the two terms as A = Ac + AuC'^'^e'^^, 
where Ac oc iKfeKsl, A^ oc iV^bV^us], 7 is the CP violating angle of the unitarity triangle 
and 5 is a CP conserving strong phase. The amplitudes for the relevant B nK decays 
are then written as follows: 

^ n-K+) =Al- Ale'^e\ A{& ^ tx^R-) = A^- A^^e-'^e'^, 
A{B+ ^7i+K^)=A+-A+e'^e'^', A{B- ^ ir-R^) = A^ - A+e-'^e'^' , (1.1) 

The following two assumptions are very likely to hold with regard to these four channels: 

1. The contributions to Au that do not come from tree-level amplitudes can be neglected 
The reason is that the penguin amplitudes contributions to Au are suppressed compared 

to their contributions to Ac by 0(|V^bV^s|/|Vj6Vts|) ~ 0.02. Then in the charged B decays, 
which require a b ^ dds transition, we can neglect Au while in the neutral B decays, which 
are mediated by a 6 — > uus transition, we take into account only the tree-level amplitude 
At: 

A+ = 0, AI = At. (1.2) 

2. The contributions from electroweak penguins can be neglected [^]. Indeed these con- 
tributions can be reliably estimated and they are expected to be of 0(0.01) of the leading 
contributions. Then Ac comes purely from QCD penguin amplitudes Ap which, as a result 
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of the SU{2) isospin symmetry of the strong interactions, contribute equally to the charged 
and neutral B decays: 

= At = Ap. (1.3) 
With the two approximations ( |1.2| ) and ( |1.3D one gets |I| 



r(B- .-K) . r'^" - + ^<^' - "'^•°> oc \A,\\ (1.4) 

where 

r = At/Ap. (1.5) 

This leads to 

- r(^l ^ = 1 - 2r COS7COS5 + r\ (1.6) 

It is clear that R can be smaller than 1 only if there is a destructive interference between 
the penguin and tree contributions in the neutral B decays. This requires that both cos 7 
and cos 5 do not vanish. Thus, if i? < 1 we may get some useful information on 7. 

In general, the constraints on 7 will depend on hadronic physics. In particular, while R is 
a measurable quantity, r and cos 5 are hadronic, presently unknown parameters. (We treat r 
as a free parameter. Estimates based on factorization and on SU{?)) relations prefer r ^ 0.5 
|jl|].) Fortunately, for a given value of cos 7 cos 5, R has a minimum value as a function of r. 
To find this minimum, we solve 

dR 

— = -2cos7cos5 + 2r = 0, (1.7) 
dr 

which leads to -Rmin = Rij" = cos 7 cos 5), namely 

i? > 1 - cos^ 7 cos^ (5. (1.8) 
The Fleischer-Mannel (FM) bound is derived by setting cos 5 = 1: 



sin'^ -f<R. (1.9) 

Note that a similar bound for S, sin^ S < R, can be obtained. Also note that additional 
decay modes, such as 5 — > tcK* and B pK, can be used for this analysis. 

Clearly, the bound (|1.9| ) is significant only for i? < 1, as explained in Recent CLEO 
results 1^ give 

i? = 0.65 ± 0.40. (1.10) 
Thus, we may be fortunate and indeed have R < 1. As soon as an upper bound on R below 



unity is obtained, the limit (|1.9| ) will give useful constraints in the p — rj plane within the 
Standard Model and in the a^^^^ — a^xs (the CP asymmetries in i? ^ tttt and B — > ipKs, 
respectively^) plane for a class of extensions of the Standard Model We now describe 
the derivation and significance of these constraints. 



II. STANDARD MODEL ANALYSIS 

Within the Standard Model, bounds on the CKM parameters are often presented as 
constraints on the unitarity triangle in the p—rj plane. In Fig. 1, we show the present bounds 
from \Vcb\, \Vub/Vcb\, AniB^, Sk and Auib^ (see the Appendix for a detailed explanation of 
our method in combining the constraints). The limit ( |1.9|) translates into an exclusion region 
in this plane: 

< R. (2.1) 



p2 _|_ ^2 



Examples of the exclusion regions are shown in Fig. 2. Once the upper bound on R is 
below 1, a region around p = is excluded. The choice of these examples is based on the 



°By Otttt we refer to the CP asymmetry in the VF-mediated tree-level decay. Isospin analysis will, 
very likely, be needed to eliminate the 'penguin pollution' M. also be deduced from the 

CP asymmetry m. B ^ pi: combined with isospin analysis |0-|9|. 
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following naive scaling arguments. The CLEO result (|1.1(]| ) was obtained with about 3.3 



fb^^. By the beginning of the 5-factories era, CLEO should reach about 10 fb^^, so a gain 
of on the statistical error is expected. This gives ctr = 0.22 which, for a central value 
of R = 0.65, has still only a small effect compared to the allowed region of Fig. 1. After 
one year of CLEOlll, BaBar and BELLE we could have about 80 fb~^, so a gain of about 
a factor of 5 on the error is expected, namely ct/j = 0.08. 

Another useful presentation is in the sin 2a — sin 2/5 plane [jlT],|l2|. The present allowed 
region at 95% CL is shown in Fig. 3. Since sin^7 = 1 corresponds to sin 2a = sin 2/?, 
once the upper bound on R is below 1, a region around the sin2Q; = sin 2/3 line is excluded. 
Examples of such constraints are depicted in Fig. 4. 

We would like to point out two potentially interesting situations which might develop in 
the future. 

First, the combination of a lower bound on Bg — Bs mixing and an upper bound on R 
may be very powerful in excluding the possibility of a negative cos 7. The reason is that 
the AniBjAmB^ bound puts a lower bound on cos 7 while the R bound translates into an 
upper bound on negative cos 7. To see this explicitly, let us define an SU{3) breaking factor 



Then, = Rsui3){^rnBj AuibJ gives 



^ \Vus\^ + \Vub/Vcb? - Rsu(i,){AmBj AmB,)m^y, 27.5 ps ^ 

^\Vus\\VublVcb\ AniBs 

where we use = 0.22, Am^^ < 0.481 ps"^ [|13l, IK^/Kfcl > 0.06 H and Rsui3) < 1-51 
| T5| to get the second inequality. On the other hand, the bound (|1.9|) gives an upper bound 



on cos 7 if cos 7 is negative: 



cos 



7 < -Vl - R for cos 7 < 0. (2.4) 



Eq. ( ^.31 ) implies that if (Am^Jmin > 14.0 ps ^ is reached, then the Am^^ bound by 
itself will be enough to exclude negative cos 7. But for the interesting range between the 



(Amsjinin [pS ^] 
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0.39 


0.72 


0.90 


0.98 


(cOS7)min 


0.78 


0.53 


0.32 


0.15 



TABLE I. Lower bounds on Atjib^ and upper bounds on R that close the negative cos 7 window 
and the corresponding lower bound on cos 7. 

present 95% CL lower bound ]13|], (Am^Jmin = 10.0 ps^^, and (Am^Jmin = 14.0 ps~^, only 
the combination with a low enough -Rmax can exclude the negative cos 7 range. For example, 
with (Am^Jmin = 10.0 ps~^, eq. ( [^.3D gives cos 7 > —0.78, while R < 0.39 allows negative 
cos 7 only below -0.78. The combination of Am^^ > 10.0 ps~^ and R < 0.39 excludes then 
a negative cos 7 and actually allows only cos 7 > 0.78. The -Rmax values required to close 
the negative cos 7 window for various (Am^Jmin values are given in Table 1.0 Of course, a 
stronger lower bound on |\4f,/K;fe| (above 0.06) and/or a stronger theoretical upper bound 
on Rsu(3) (below 1.51) will make the task of closing the negative cos 7 window easier. 

Second, the above Am^^ — R combination, together with the existing strong constraints 
on P, can exclude a positive sin 2a. The bound |V^ti6/Vcf,| < 0.10 gives /3 < 0.157r. Suppose 
that R < 0.79 is established and, furthermore, Am^^ is known to be large enough that 
the negative cos 7 window is closed (this would happen under these circumstances with 
ArriB^ > 11.3 ps^^). Then we will get a lower bound C0S7 > 0.46 which is equivalent to 
7 < 0.357r. Together with the upper bound on f3, we get a > tt/2, namely sin 2a < 0. 

To summarize: a combination of (i) a range for iV^fe/Kbl, (ii) a lower bound on Am^^, 
(iii) an upper bound on R and (iv) the information from ek that rj > 0, might exclude large 
regions in the p — rj and sin2Q; — sin 2/3 planes that are presently allowed. An example of 



In our calculations, as explained in the Appendix, we use the full experimental information on 
AniB^ and not just the lower bound, so that a negative cos 7 can be excluded by somewhat weaker 
bounds on R. 
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the above situations is given in Figs. 2(b) and 4(b) where an improved measurement for R 
is assumed. We have a clear prediction of cos 7 > (see Fig. 2(b)) and sin 2a < (see Fig. 
4(b)). 



III. BEYOND THE STANDARD MODEL 

We now turn to a discussion of the imphcations of the FM bound for theories beyond 
the Standard Model. If new physics affects the B —>■ ttK decay rates of eq. (|1.1|) , then the 
resulting bound (|1.9| ) might be in conflict with other CKM constraints, thus probing this 
new physics [0. In this work, we focus on extensions of the Standard Model where the 
four decay modes (|1.1| ) are dominated by the Standard Model diagrams. Yet, we allow for 
large, even dominant, contributions from New Physics to B — B mixing and to Ek- This 
class of models (without any assumptions on New Physics in B —>■ nK decays) was studied 
in ref. |Ty]. It was shown there that combining the information from the CP asymmetries 
in B ^ tpKs {ciii)Ks) ^-^d in B ^ -mi (a7r,r) with the measurement of iKifc/Vcfel allows one 
to reconstruct the unitarity triangle.^ Obviously, the FM bound can test this construction. 
But it also gives a completely new aspect in the model independent analysis by predicting 
correlations between a^^ and a^Xs- particular, it might forbid regions in the a^^s ~ '^■k-k 
plane. No such definite constraint arises from the \Vub/Vcb\ bound alone, which is the only 
other CKM constraint that is viable in a large class of models of new physics. 

Let us first repeat the basis for the model independent analysis [0. We study extensions 



of the Standard Model with arbitrary (within, of course, phenomenological constraints) new 
physics contributions to B — B mixing and to K — K mixing. On the other hand, we assume 



'^For aTTTT one can combine measurements of various decays that are dominated by the h uud 
transition such as the 27r, Svr and 47r final states. For a^Ks o^^^ can combine measurements of 
various decays that are dominated by the h ccd and b ccs transitions such as the ^Ks, ipK* 
and D^D^ final states. 
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that the following features hold: 

(i) The b ccs and b uud decays for a^Kg '^■k-k respectively, as well as the semilep- 
tonic B decays for the \VublVcb\ measurement, are dominated by Standard Model tree 
level diagrams. 

{ii) Unitarity of the three generation CKM matrix is practically maintained. 

Then, it is possible to use the measurements of a^Ksi (^nn and to construct the 

Unitarity Triangle and, in particular, to determine the angle 7 up to an eightfold discrete 
ambiguity 0]. The validity of these ingredients in extensions of the Standard Model was 



discussed in |[T^. An example of model independent constraints in the p — rj plane is shown 



in Fig. 5(a). The derivation of the allowed regions is explained in the Appendix. 

The FM bound provides a constraint on 7 and therefore is very interesting for a model 
independent analysis. However, to apply it in this analysis, one has to make one further 
assumption: 

(iii) The b — > uus and b —>■ dds decays for the B 71K decays of ( |1 . 1| ) are dominated by 
Standard Model diagrams. 

We emphasize that this assumption holds much less generically than assumption (i) above. 
While {i) concerns decays that are dominated by Standard Model tree diagrams, [iii) con- 
cerns decays that are dominated by 6 — > s penguin transitions. The latter are suppressed by 
loop factors and small CKM factors in the Standard Model and thus are more sensitive to 
New Physics. Calling the analysis below 'model-independent' might be somewhat misleading 
in this sense. Yet, there is a reasonably large class of models where our three assumptions 
hold while simultaneously allowing for interesting effects m. B — B mixing. For example, 
in models with extra down quark singlets, there could be large CP violating contributions 
to B — B mixing [|T7|, while the contributions to 6 — > s transitions are constrained by the 
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B jj,~^j2~X and B vvX bounds to be small |lT8|-pO|.p| 

To make things clear we state again that the following analysis applies only to models 
where the three assumptions (z) — {Hi) hold. This is only a subclass of the models to which 
the analysis of applies. 

Examining Fig. 5(a), we learn that the FM bound can test the assumptions that underlie 
the model independent analysis. A very strong upper bound on sin^ 7 may turn out to be 
inconsistent with any of the eight solutions for 7, implying that there is new physics in at 
least some of the relevant Ai? = 1 processes. In other cases the FM bound can be useful in 
reducing the discrete ambiguity to fourfold. An example of such a situation is given in Fig. 
5(b). 



The line of thought that stands in the basis of [|1^ can be taken a step further: if the 



angle 7 of the unitarity triangle is known or, at least, constrained by experimental data, 
then the predictions for the CP asymmetries a^Ks ^i-nd Qt^t^ will be correlated. 



The iKifc/Vcbl measurement does not constrain 7. Therefore, the analysis of could 
not predict any correlations between a^Ks a^jr^ the whole plane (between —1 and +1 
for each asymmetry) is allowed. But the FM bound does constrain 7. Given an angle 7 of 



the unitarity triangle, the crucial relation in the model independent analysis of is 



27 + arcsin(a^ft:s) + arcsin(a7r^) = 27r(mod 47r), (3.1) 

which is translated in a straightforward way to the following relation between sin^ 7 and the 
two asymmetries: 

{a^Ks + Otttt)^ + tan^ lia^Kg - Otttt)^ = 4 sin^ 7. (3.2) 

Eq. ( p.2| ) defines an ellipse in the a-^^, — a^Ks plane. The principal axes are on the diagonals, 
and the ratio between them is | tan7|. 



■^CKM unitarity is violated in this class of models but the effect is small 
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An upper bound on sin^7, such as ( p. .91) , excludes then a region in the Otttt — a^Ks plane. 
The excluded region is the area between the ellipse and the boundaries of the plane close 
to the (+1,+1) and (—1,-1) corners. To understand this picture, one can think in the 
following way: for sin^7 = 0, eq. ( |3.2| ) gives the diagonal from (— 1,+1) to (+1,-1). As 
sin^ 7 increases, the diagonal turns into an ellipse with the ratio between the principal axes, 
tan 7, increasing from to oo. This corresponds to the ellipse deforming within the plane. 
At sin^7 = 1, eq. (|3^) gives the diagonal from (—1, —1) to (+1, +1). If we have a bound 
sin^ 7 < 1, the ellipse in its deformation does not cover the upper-right and lower- left corners. 
An example of the exclusion regions is shown in Fig. 6. 

A very interesting constraint on the allowed CP asymmetries arises in models where a 
fourth assumption holds: 

(iv) CP violation in the neutral kaon system is dominated by the Standard Model box 
diagrams. In other words, sk is accounted for by the CKM phase. 

This is an interesting situation because, in this case, Ek gives a lower bound on sin^ 7. This 
excludes yet another region in the a-^T^ — a^Ks plane. The excluded region is the area between 
the ellipse ( p.2| ) that corresponds to (sin^7)inin and the boundaries of the plane close to the 
(—1, +1) and (+1, —1) corners. This should be intuitively clear from our discussion above of 
the FM bound in this context. Taking Bk < 1, \Vcb\ < 0.043 and iKib/Kfel < 0.10, the bound 
from Ek reads sin 7 > 0.3. (The information that is relevant to correlating the asymmetries 
through ( |3.2|) is sin^7 > 0.1. The fact that Ek excludes negative sin 7 is irrelevant here.) 

The combination of upper and lower bounds on sin^ 7 (for example the FM bound and 
the Ek bound) is even more powerful. If neither sin^ 7 = 1 nor sin^ 7 = are allowed, 
then the ellipse in its deformation does not reach not only the corners but also the origin 
(0,0). Consequently, in addition to the areas excluded separately by each of the bounds, 
also the area around (0, 0) that is inside the overlap of the respective ellipses is excluded. 
An example of the three regions is given in Fig. 6. 

In ref. [jlO|, two more possible scenarios were examined: 
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(iv)' The Kl — > vrz/z/ decay is dominated by the Standard Model diagrams. 

(iv)" The ratio AttibJ ArjiB^ corresponds to Rsui3)\yts/Vtd\'^, even thougli each of the two 
mixing parameters is affected by new physics. 

Each of (iv), (iv)' and (iv)" holds in some class of models. For certain models, more than 
one of these assumptions might hold. In any case, the important feature for our analysis 
is that under any of the three assumptions, future measurements might constrain sin^ 7. 
Particularly useful will be a lower bound on sin^ 7 which can be combined with the FM 
bound as explained above. Such a lower bound exists already for Ek and can be achieved 
with a lower bound on BR[Ki — ^ vrz/z/) or if Ams^ is measured. An upper bound on sin^7 
from any of these three measurements (or bounds) is also interesting as it will allow an 
analysis similar to that of the FM bound within the corresponding class of models. 

Finally we note that if any other method to measure or constrain 7 becomes available, 
and if the relevant processes are dominated by Standard Model contributions in a class of 
new physics models, then the above analysis could be applied in a similar way. In particular. 



Atwood, Dunietz and Soni [^] have recently proposed an improvement of the Gronau-Wyler 
p^^4[ method to measure 7 via B KD^{D^) decays. The new method is not only 
theoretically clean but might also be experimentally feasible. The relevant quark transitions 
are b cus and h cus which are dominated by the Standard Model tree diagrams in 
many new physics models (see examples in [^). Similarly, various proposed methods to 
measure 7 through Eg decays (see e.g. p6|) can be subject to a similar analysis. 



IV. SUMMARY 

Fleischer and Mannel have suggested a method which, under certain circumstances, can 
give an upper bound on sin^ 7 that is almost free of hadronic uncertainties. We have shown 
that within the Standard Model such a bound can give strong constraints on the unitarity 
triangle. While at present the information from Ek-, Aitlb^ and | Kit/Kb | constrains only (3 to 
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be within one quadrant, the addition of the FM and Atub^ bounds can potentially constrain 
each of 7 and a to a single quadrant. In particular, if sin 2a; < 0, this can be deduced from 
improved FM and ArriB^ bounds (while currently sin2Q; can assume any value). 

In extensions of the Standard Model where the New Physics contributes significantly to 
B — B mixing but to none of the relevant decay processes, the FM bound can give correlations 
between the allowed values of the CP asymmetries m B ^ ipKs and B ^ -k-k. If also a lower 
bound on sin^ 7 is available, for example in models where Sk is dominated by the Standard 
Model, the excluded region for these asymmetries is very significant. 
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APPENDIX A: FITTING THE CKM PARAMETERS 
1. Description of the Basic Method 

We explain here our method of statistically combining many measurements involving 



CKM parameters [27|. The method described below was adopted by the BaBar collaboration 



|28| . In this work, we combine existing measurements of \Vcb\, \Vuh/Vch\, Atubj^, Ek, and (the 



lower bound on) ArriB^ with future measurements of the ratio R defined in eq. (!.(:). 

There are two types of errors which enter the determination of the CKM parameters: 
experimental errors and uncertainties due to theoretical model dependence. These two types 
of errors will be treated differently. 
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Experimental errors are generally assumed to be Gaussianly distributed and can then 
enter a test. In the following they will be denoted by acb, o-ub, o-Am, <^e, (^a i^i an 

obvious notation. (The cr^ error is related to the Am^^ bound and is discussed separately 
below.) For the quantities with Gaussian errors, we use [0,0 



iKfel = 0.039 ±0.004, 

|Kfe/Kfe|exp = \Vub/Vcb\T ± 0.05, 

Ams, = 0.463 ± 0.018 ps~\ (Al) 
\eK\ = (2.258 ±0.018) x 10^1 

iKife/Kblr is a central value, defined below. (We actually use yet another parameter in the 
fit, that is the top mass rht, with the constraint rht = 165 ± 8 GeV.) 

A large part of the uncertainty in translating the experimental observables to the CKM 
parameters comes, however, from errors related to the use of hadronic models. In our work 
here these are related to the value of iKfe/Kblr (the subscript T implies that we here refer to 
the hadronic model dependent range for |\4b/Vcf,| to which an experimental error should be 
added to give the full uncertainty) and to the parameters Bb^Jb^ and Bk which enter the 
calculations of Am^ and Ek- At present, one cannot assume any shape for the probability 
density of these quantities (certainly not Gaussian) and include it in the fit. We thus do not 
assume any shape for these distributions but use a whole set of 'reasonable' values for the 
parameters. Specifically, we scan the ranges 

0.06 < IWK^It < 0.10, 



160 < fB.yJBB, < 240 MeV, (A2) 
0.6 <Bk< 1.0. 



Once a set of values M = {\Vub/Vcb\T, fB^y Bb^, Bk) has been chosen, a classical least- 
square minimization can be performed to estimate the CKM parameters (we use here the 
Wolfenstein parameters A, p and 77), by relating measurements (with Gaussian errors) 



to theoretical calculations: 
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*^ ' ' V ^cb J \ (Tub J 

\ O-Am J \ Cr^ / ' 

where (a) denotes the experimental central value of a quantity a. To study the (p, t]) 
estimates obtained from the global fit, we turn to the usual unitarity triangle representation. 
In this plane we plot the hypercontour of = Xmin + ^-99 corresponding to the 95% CL 
contour. Sets of values M with a probability smaller than 0.05 are rejected and not 
shown in the plots. Note that for each point of the contour a new minimization is performed 
with respect to all parameters, meaning that this method takes into account the correlations 
between the plotted parameters and all other ones. The superposition of the contours for 
each scanned set of values M is shown in our figures together with the fitted estimates of 

Also shown are the 'minimum and maximum limit' contours obtained from varying co- 
herently all the uncertainties (theoretical uncertainties are varied within the limits of ( |A2[ ) 
and experimental errors between 2a). These last contours are just shown for comparison, 
since their statistical meaning is not clear. 

The can also be expressed in terms of another set of parameters: x^iA, sin 2a, sin 2f3). 
It is minimized in the same way as before (using the 5% probability cut) and the 95% CL 
contours are displayed in the (sin 2q;, sin 2/?) representation. A subtlety that arises in this 
analysis is that of discrete ambiguities. As a value sin 20 (0 = a or f]) corresponds to several 
possible values of 0, there is a fourfold ambiguity in the values of (p, t]) that correspond to a 
given pair of values (sin 2a, sin 2/3). All four possibilities have to be considered in the fit. In 
practice, two of them are always incompatible with present data and consequently rejected 
by the P(x^) > 0.05 cut. 
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2. Including Am^^ Properly 



The mass difference in the Bg system has not been measured and only 95% CL limits 
have been obtained. Such a limit is only a small part of the information and it cannot 
be included directly in the minimization. These problems have been overcome by the 



amplitude method that is now being used by the LEP Am^^ averaging Working Group [13 
For an initially (t = 0) produced pure Bs, the probability of a i?s-tagging decay at time 

t is 

= 7^e-*/"(l - cos AmB.t), (A4) 
Zt 

while that of a i?s-tagging decay at time t is 

Vu = 7^e-*/^(l + cosAmsJ). (A5) 

ZT 

(r is the B^ lifetime.) The amplitude method assumes that the probabilities are described 
by 

Vm,u = ^e-'/^{l±AcosAmBj). (A6) 

ZT 

Then, for each value of Aitlb^ , A and its uncertainty are obtained. If A is compatible with 
0, there is no visible oscillation at this frequency. If A were compatible with 1, an oscillation 
would be observed at this frequency. The 95% CL on Am^^ is set at the frequency for which 
A + lM5aA = 1. 

To include this information in our fit, we calculate Aitlb^ for each set of the free param- 
eters {A, p, rj) and find the corresponding measured values of A and cr^. This amplitude is 
then compared to the one expected if the tested value of Atjib^ was the correct one = 1) 
and the global is modified by adding 

'A-r " 



(A7) 



to the right hand side of eq. (|A3|) . 
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3. Adding the FM Bound 



The FM bound is different from the other constraints that we use, in that experiments 
give a measurement (see ( 1.1CI| )) but the clean information is only an upper bound (see 



( p..9D ). The way we implement this in our fit (based on a Maximum Likelihood analysis) is 
the following. Suppose that the experimental result is R = (R) ± aj^. Then we add to the 
to X^i^y P) v) ^ term of the form : 



if sin^ -f{p,r]) > {R). (A8) 



if sin^7(p,r7) < (R), 
l^ sm'^{p,v)~{R) J 

We also draw in the figures the two lines corresponding to 95% CL exclusion region 
which, for one-sided error, are given by sin^ 7 = + 1.64:5aji. 

4. Including New Physics 

In the model independent analysis. New Physics effects can be parameterized by 2 new 
parameters: r^, 6^. The theoretical calculations of AB = 2 processes are to be modified 
accordingly ||T0[| : 



Am^f (A, p, ri, r,) = r^Amff (A, p, r]) 
a^Ks {A P, ^, Od) = sin 2(/5(p, t]) + 6^) (A9) 
a^^{A, p, T], Od) = sin 2(a(p, 77) - 9^) 

The full can then be written in terms of all the unknown parameters, once enough 
measurements are available: 

V J \ 0-ub J 

^ nAms,)-Am^^{A,p,r^,rd) \' ^^^^^ 



+ 



\ 2 / 
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In this case there is no extra degree of freedom to perform a probabihty test, but the 
minimization can be performed and contours can be obtained. 
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FIG. 1. The present allowed region for the Unitarity Triangle in the p — rj plane. The input 
values and the method used for this determination are given in the Appendix. 
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FIG. 2. The allowed range for the Unitarity Triangle for (a) R = 0.65±0.08, (6) R = 0.35±0.08. 
For all other constraints we use present data. 
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FIG. 3. The present allowed region in the sin 2a — sin 2/3 plane. The input values and the 
method used for this determination are given in the Appendix. 
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FIG. 4. The allowed range in sin 2a - sin 2/3 plane for (a) R = 0.65 ± 0.08, (6) R = 0.35 ± 0.08. 
For all other constraints we use present data. 
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FIG. 5. The model independent construction of the Unitarity Triangle (a) without the FM 
bound and (6) with R = 0.35 ±0.08. We use the current range for ^TrTr = 0.60 it 0.09 and 

ai,Ks = 0.20 ± 0.06. 
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FIG. 6. The allowed range in the a-^-j^ — a^Xs plane with New Physics satisfying the condi- 
tions specified in the text. The right-hatched area is excluded by an upper bound sin^ 7 < 0.7. 
The left-hatched area is excluded by a lower bound sin^7 > 0.1. For the combined bound, 
0.1 < sin^7 < 0.7, the cross-hatched area is also excluded. 
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